We derive analytical approximations for the variation of the effective indices of the fundamental transverse electric (TE) and transverse magnetic (TM) modes with the chemical potential of graphene in three common types of silicon graphene waveguides. In all cases, a third-order polynomial provides an excellent degree of approximation (< 10 −4 ) over the 1540-1560 nm wavelength band. The approximations can be useful in the design of complex-integrated photonic circuits where graphene is employed to tune the refractive of the dielectric waveguides.
Introduction
Graphene is a 2-D single layer of carbon atoms arranged in an hexagonal lattice that has raised considerable interest in recent years due to its remarkable optical and electronic properties [1] - [3] . It features, for instance, a linear dispersion relationship in the so-called Dirac points where electrons behave as fermions with zero mass, propagating at a speed of around 10 6 m s -1 and mobility values of up to 10 6 cm 2 V −1 s −1 . Graphene also shows unusual optical properties [4] . For instance, due to its linear dispersion, it can absorb light over a broad frequency range enabling broadband applications. In addition, the density of states of carriers near the Dirac point is low, and as a consequence, its Fermi energy can be tuned significantly with relatively low electrical energy (applied voltage) [1] - [4] . This Fermi level tuning changes, in turn, the refractive index of graphene, and thus, the combination of graphene with integrated dielectric waveguides opens unprecedented possibilities for the design of tunable components in optoelectronics [5] and several groups have recently reported devices with applications in the microwave, terahertz and photonic regions of the electromagnetic spectrum [3] - [6] . A particularly active area of research aims at designing tunable integrated photonic components, and different groups have reported both theoretical and experimental contributions addressing different functionalities that include electro-absorption modulation in straight waveguides [6] - [8] , resonant modulators [9] , channel switching [10] , and electro-refractive modulation [11] - [14] . Electro-refractive modulation is particularly interesting since phase modulation enables additional functionalities, such as phase shifting and true time delaying [15] , which are highly desirable in the design of tunable optical filters [16] and in microwave photonics [17] .
The design of tunable electro-refractive phase shifters in a silicon graphene waveguide of length L at a wavelength λ requires the knowledge of the dependence of the phase shift φ = (2πn eff /λ)L imposed by the waveguide on a control parameter, in this case, the chemical potential μ c of graphene, as the effective index of the guided mode n eff is a function of this parameter. In general, this relationship can only be obtained for a given wavelength by numerical means of a modal solver and repeating this process within the wavelength region of interest. The motivation of our work resides in the fact that for the design of graphene based devices featuring some degree of complexity (modulators, finite and infinite impulse response optical filters, phase-shifters and true time delay lines, etc.), it is useful to dispose of approximate analytical expression for the variation of n eff with μ c as these will facilitate the higher-level design process (for instance, the filter synthesis). This approach has also been followed as well, for instance, to render expressions to approximate the impact that free carrier injection has on electroabsorption and electro-refraction in silicon waveguides [18] . The difference here is that the approximation not only depends on the properties of graphene, but it is also linked to the specific waveguide design. We have therefore chosen three respresentative waveguide designs that have been reported in the literature [6] , [12] for the implementation of graphene based modulators. This is in principle a limitation, but in the paper, we also outline the process to extend these analytical approximations to other waveguide designs.
In this paper we provide analytical approximate relationships in the 1540-1560 nm wavelength range between the value of the chemical potential and the effective index of transverse electric (TE) and transverse magnetic (TM) (where applicable) fundamental modes for three different types of Silicon waveguides that have been proposed in the literature to implement silicon graphene electro-refractive modulators. After briefly reviewing basic aspects of the conductivity and dielectric constant of graphene we describe in Section III, the three types of silicon waveguides considered in the paper, including their physical dimensions and materials. In Section IV, we carry out the numerical calculations for each type of waveguide and provide the polynomial approximations. In all the cases, the modal effective index can be approximated by means of a seventh-order polynomial with an excellent precision (i.e better than 10 −4 ). For completeness, we also provide the polynomial approximation for the absorption coefficient (expressed in dB/mm) where the precision is in the range of 10 −2 . Finally, we discuss the results and provide a summary in Section V.
Graphene Refractive Index Versus Chemical Potential
Graphene is a material with noteworthy optical properties due to its conical band structure that allows both intra-band and inter-band transitions [1] - [3] , both contributing to its conductivity [19] 
Intra-band transitions are the dominant source for the overall conductivity in the microwave and terahertz regions of the spectrum and their contribution can be expressed in terms of the Kubo's formula [19] σ intra (ω) = i e 2 k B T
where e represents the charge of the electron, the angular Planck constant, k B the Boltzman constant, T the temperature, μ c the Fermi level or chemical potential, and is the electron collision rate, which is a function of the electron mobility μ and the Fermi velocity in graphene v F ≈ 10 6 ms −1 . In the visible optical region of the spectrum, however, inter-band transitions dominate the conductivity that is given if k B T << |μ c |, ω by [13] 
where f (x) is the Fermi-Dirac distribution
From (1)- (5), one can get the dielectric constant of a layer of graphene:
where = 0.35 nm is the thickness of the layer. Fig. 1 represents as an example, the real and imaginary parts of the dielectric constant of a layer of graphene for λ = 1550 nm, T = 300
• K, and 1/2 = 5 × 10 −13 sec as a function of the chemical potential. In this particular example, a transition can be observed at |μ c | = 0.4 eV, where the dielectric constant changes from dominantly imaginary |μ c | < 0.4 eV, to purely real |μ c | > 0.4 eV. Note that 0.4 eV corresponds to the energy associated with λ/2(λ = 1550 nm) and thus this chemical potential sets the onset of interband absorption in graphene. Thus, for |μ c | > 0.4 eV graphene becomes electro-refractive. On the other side, a small change in the chemical potential in both directions around |μ c | = 0.4 eV yields a substantial change in the imaginary value of the dielectric constant (i.e the losses) and graphene is electro-absorptive in that region. Exploiting the electrorefractive behaviour with a constant low absorption value of graphene lies at the heart of designing modulators, tunable phase shifters, and delay lines, which are fundamental building blocks of more elaborated subsystems such as, for instance tunable photonic filters. In practice, however, it has been noticed [12] , [13] that the region 0.4 eV < |μ c | < 0.5 eV features a considerable non-constant absorption, therefore the region for true electro-refractive behavior is |μ c | > 0.5 eV, which is the one we consider in this paper. The refractive index variation in region 0.4 eV < |μ c | < 0.5 eV can still be approximated by a polynomial but to obtain a similar approximation error a seventh-order polynomial is required.
Silicon Graphene Waveguides
Modulators and tunable phase shifters and delay lines can be implemented by incorporating Graphene into silicon waveguide designs. In this paper, we consider three typical representative designs that have been proposed in the literature, which are shown in Fig. 2 .
The first design (Type-I), shown in the upper part of Fig. 2 was reported in [6] for an electroabsorption modulator and consists in placing a monolayer graphene sheet on top of a silicon bus waveguide, separated from it by a thin Al 2 O 3 dielectric layer. The typical values for the dimensions in this configuration are: t Si = 250 nm, t Al 2 O 3 = 10 nm, t graphene = 0.35 nm, and W Si = 500 nm. The structure was operated by means of two gold electrodes placed at both sides of the silicon waveguides. One of them is extended towards the waveguide by extending a platinum film on top of the graphene layer (see more details in [6] ). The designs shown respectively in the left and right lower part of Fig. 2 correspond to a single (Type-II) and double (Type-III) graphene layer silicon waveguides optimized for electro-refractive modulation operation [12] , where the dielectric separating the graphene and the silicon waveguide (left) and the two graphene layers (right) is Si 3 N 4 . The typical values for the dimensions are: t Si = 160 nm, t Si 3 N 4 = 10 nm, t slab = 60 nm, t graphene = 0.35 nm, and W Si = 480 nm for the single graphene layer waveguide and t Si = 220 nm, t Si 3 N 4 = 10 nm, t graphene = 0.35 nm, and W Si = 480 nm for the double graphene layer waveguide. These designs are representative of the two main approaches reported so far for the implementation of graphene based silicon modulators. Type-I and variants based on using Al 2 O 3 as insulator are reported in [1] , [7] , and [13] , where historically the first choice. However, Type-II and III rely on using Si 3 N 4 and have been proposed more recently [12] as this material provides a higher value of dielectric constant and therefore requires an electric field value to reach the |μ c | > 0.5 eV region which is less close to its breakdown value. 
Numerical Calculations and Polynomial Approximation

General Remarks
For all the three waveguide designs, the presence of the graphene layer modifies the propagation characteristics (field profile, losses, and effective index) of the guided modes in the waveguide, and these can be, as mentioned above, controlled and reconfigured changing the chemical potential by means of applying a suitable voltage. In addition, all these properties are wavelength dependent, and therefore, a complete description of how these parameters change in terms of chemical potential and wavelength is required. With the exception of very simple (and unpractical) slab waveguide configurations, this description requires the completion of the three steps described in Fig. 3 , which involve the use of numerical or mode solving techniques. In our case, the TE and (if applicable) the TM modes of the waveguides have been numerically calculated by means of a Finite Differences (FD) based commercial Field Designer TM mode solver from PhoeniX Software B.V. The refractive indices (@1550 nm) for the different materials are 1.746 for Al 2 O 3 , 3.477 for Si and 1.979 for Si 3 N 4 . The dispersive nature of the materials has been taken into account in the numerical calculations in the wavelength range under study (1540-1560 nm) by means of the corresponding Sellmeier equations and coefficients. Graphene has been modeled as an isotropic material. We have found, after extensive simulations for the region of electrorefractive behavior is |μ c | > 0.5 eV, that the refractive index modulation and the absorption coefficient can be both approximated with a remarkable precision in the three silicon graphene waveguide designs by a third-order polynomial as a function of the chemical potential:
where the coefficients a,b,c,d and a×, b×, c×, d× depend on the waveguide configuration, the operating wavelength, and the mode polarization. In the following subsections, we present the results for each type of waveguide.
Results for Type-I Waveguides
The numerical procedure described above was carried within the 1540-1560 nm wavelength region (using a 1 nm step) and results obtained for the variation of the effective indexes vs the chemical potential for the TE and TM fundamental modes, both of which are supported by Type-I waveguide. Fig. 4 plots as an example the results corresponding to the numerical solution and the fitting polynomial interpolation of the variation of the effective index for the TE fundamental mode as a Due to space constraints we only show the results for these three wavelengths, but Table I provides the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths and provides, for each one, the mean approximation error δ in its last column. In a similar way, results have been obtained for the TM mode (not shown here), which result in the coefficients for the fitting polynomial shown in Table II . In both cases, the approximation is excellent with a mean error value δ < 10
and with a better approximation of the TE than for the TM mode.
Results for Type-II Waveguides
The numerical procedure described above was carried within the 1540-1560 nm wavelength region (using a 1 nm step) and results obtained for the variation of the effective indexes vs the chemical potential for the TE fundamental mode, which is the only one supported by Type-II waveguide. In this case, we have used a homogeneous doping level for signal, that is, we did not take into account the effect of inhomogeneous charge distribution in the silicon region close to the Si-Si 3 N 4 interface. This effect will tend to inhomogeneously decrease the refractive index in that region and should be taken into account for a more precise description. Again, due to space constraints, we only show the results for these three wavelengths, but Table  III provides the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths and also provides, for each one, the mean approximation error δ in its last column. Again, an excellent approximation, this time with a mean error value δ < 2 × 10 −5 , is obtained.
Results for Type-III Waveguides
Again, the numerical procedure described above was carried within the 1540-1560 nm wavelength region (using a 1 nm step) and results obtained for the variation of the effective indexes vs the chemical potential for the TE and TM fundamental modes, which are supported by Type-III wave- guide. Fig. 6 plots as an example the results corresponding to the numerical solution and the fitting polynomial interpolation of the variation of the effective index for the TE fundamental mode as a function of the chemical potential and different operation wavelengths (1540, 1550, and 1560 nm). Due to space constraints, we only show the results for these three wavelengths, but Table IV provides the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths and also provides, for each one, the mean approximation error δ in its last column. In a similar way, results have been obtained for the TM mode (not shown here), which result in the coefficients for the fitting polynomial shown in Table V . In both cases, the approximation is excellent with a mean error value δ < 3 × 10 −4 and with a better approximation of the TE than for the TM mode. 
Summary and Discussion
We have derived analytical approximations for the variation with the chemical potential of graphene of the effective indices and absorption coefficients of the fundamental TE and TM modes in three common types of silicon graphene waveguides. In all the cases a third-order polynomial provides an excellent degree of approximation (<10 −4 ) over the 1540-1560 nm wavelength band for the effective index. The approximation polynomials are useful in the process of device and subsystem design where one is interested in tuning their characteristics by applying suitable voltage control signals that, in turn, will change the chemical potential of the graphene layer(s) placed on top of the waveguide core. In this way, a given operation regime can be stated explicitly by a set of N required phase shift values: 
Starting from (8) and using (7) with the suitable coefficients for the operation wavelength and waveguide mode, one can obtain the required values of the chemical potentials. As we do not have access to experimental results, we can compare the results with those obtained in [12] , which is the most complete work reported so far for electro-refractive modulation using graphene. In this sense, for type-II waveguides the refractive index variation is in the 10 −4 orders of magnitude while for the type III is in the 10 −3 orders of magnitude. In both cases these orders are within the same range as those reported in the paper. The approximation derived in the paper can therefore be applied for the design of a wide range of silicon graphene integrated devices ranging from simple configurations such as tunable polarization filters and dividers to complex electro-refractive modulators and finite/infinite impulse response tunable filters.
As mentioned before, the polynomial approximation is linked to specific waveguide designs. In this respect, we wish to point out that we have focused on three particular designed that have been proposed in the literature of which, type-III is the most efficient in terms of refractive index modulation. The method outlined here can, however, be expanded following the guidelines described in Section IV.1 and Fig. 3 to investigate other waveguide designs and obtain suitable polynomial approximations.
